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E-mail addresses: sadek@aus.edu (I. Sadek), ikucOptimal control theory is formulated and applied to damp out the vibrations of micro-
beams where the control action is implemented using piezoceramic actuators. The use
of piezoceramic actuators such as PZT in vibration control is preferable because of their
large bandwidth, their mechanical simplicity and their mechanical power to produce con-
trolling forces. The objective function is speciﬁed as a weighted quadratic functional of
the dynamic responses of the micro-beam which is to be minimized at a speciﬁed termi-
nal time using continuous piezoelectric actuators. The expenditure of the control forces is
included in the objective function as a penalty term. The optimal control law for the
micro-beam is derived using a maximum principle developed by Sloss et al. [J.M. Sloss,
J.C. Bruch Jr., I.S. Sadek, S. Adali, Maximum principle for optimal boundary control of
vibrating structures with applications to beams, Dynamics and Control: An International
Journal 8 (1998) 355–375; J.M. Sloss, I.S. Sadek, J.C. Bruch Jr., S. Adali, Optimal control of
structural dynamic systems in one space dimension using a maximum principle, Journal
of Vibration and Control 11 (2005) 245–261] for one-dimensional structures where the
control functions appear in the boundary conditions in the form of moments. The derived
maximum principle involves a Hamiltonian expressed in terms of an adjoint variable as
well as admissible control functions. The state and adjoint variables are linked by termi-
nal conditions leading to a boundary-initial-terminal value problem. The explicit solution
of the problem is developed for the micro-beam using eigenfunction expansions of the
state and adjoint variables. The numerical results are given to assess the effectiveness
and the capabilities of piezo actuation by means of moments to damp out the vibration
of the micro-beam with a minimum level of voltage applied on the piezo actuators.
 2008 Elsevier Inc. All rights reserved.1. Introduction
Active control of vibrations in ﬂexible structures through the smart structure concept is a developing area of research
and has numerous applications, especially in the vibration control of structures (such as beams, plates, shells), in aero-
space engineering, ﬂexible robot manipulators, antennas, active noise control, shape control and in earthquake resistant
structures. Due to the increase of high structural requirements in the performance and control of ﬂexible structures,
applications of smart structures technologies are expanding rapidly. Among various smart effects encountered in a wide
range of engineering applications are piezoelectric, electro and magnetostriction, shape memory and other technologies. In. All rights reserved.
uk@aus.edu (I. Kucuk), eazeini@yahoo.ca (E. Zeini), adali@ukzn.ac.za (S. Adali).
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dampers of vibrations, i.e., for sensing and actuation. Presently one of the most widely used piezo materials in active con-
trol is piezoceramics such as PZT for their large bandwidth, their mechanical simplicity and their mechanical power to
produce controlling forces. The books by Preumont [1] and Banks et al. [2] provide an overview of these materials and
the related control techniques.
Modeling of the direct and the reverse effects of a distributed piezoelectric layer has been studied in [2–7]. Feedback con-
trol algorithms such as rate feedback, independent modal space control and coupled mode control can be used in the vibra-
tion control of distributed structures [8–12]. However, the feedback control strategies lead to active damping with a
damping ratio that can reach 20% on the ﬁrst modes of the investigated structure without any modiﬁcation. Such results
are of interest for many engineering application [1,3,5]. Similar remarks can be made concerning the application of feedfor-
ward strategies which have been applied to acoustic control in [13,14] and to vibration control of beams in [15–17]. In the
feedforward control strategies, the quantity to be controlled, i.e., wave propagation, velocity, etc., is measured downstream
from the control location and this quantity is minimized by using control forces. Both feedback and feedforward controls are
closed-loop control strategies requiring information on the state variables which can be measured upstream (feedback) or
downstream (feedforward) of the control location by means of sensors. The present approach implements an open-loop con-
trol strategy as opposed to closed-loop ones and as such a control law is formulated as part of the solution. The control law
formulated in this way is optimal in the sense that it gives the best control for the given objective function and the constraint
which involves the functionals of the state and control variables. A distinct difference between the closed and open controls
is the use of sensors whereby the information used in the feed (closed-loop control) is obtained via sensors which are not
needed in the open-loop control since the control law is formulated independently of any information of the system in
operation.
Feedback control algorithms have been used almost exclusively for the control of intelligent structures and the imple-
mentation of this approach to vibration control can be found in [18–22]. However, time delays in the implementation of
a feedback control may cause to lose the robustness of structures [23] and in fact may destabilize the structure in certain
cases [24]. An example of open-loop boundary control of a long vibrating rod was studied in [25], where the optimal control
law was derived by using a maximum principle. Boundary control of beams has been studied by active constrained layer in
[26] and those of plates by smart modal sensors in [27]. Main application area of piezoelectric control is suppression of vibra-
tions of structural components used in many branches of engineering [18,28–30]. Piezo control is also used for acoustic con-
trol [19] and to suppress and control ﬂutter of lifting surfaces [31,32].
The micro electro mechanical systems (MEMS) seem to be of interest in improving the mechanical efﬁciency of structural
active control. They can effectively present a good approach for a large class of problems such as the control of waves [33]
and control of the mechanical interaction or the stabilization of a micro system such as those described in [34]. In the present
study, the control of a micro-beam totally covered by a piezoelectric, PZT, ﬁlm is studied. In this system, it is possible to cover
the entire structure with piezoelectric material, which is not possible on large structures.
In this context, the open-loop control results are obtained using a recently developed maximum principle for the opti-
mal boundary of one-dimensional structures [35]. For this purpose, the piezo-control problem is formulated as an optimal
boundary control problem using the applied voltage as the control function to damp out the vibrations of the micro-beam.
The boundary control is an economic method for controlling the distributed parameter system (DPS) since it does not re-
quire the attachment of sensors or actuators to the control system with distributed control forces. The objective function
is speciﬁed as a weighted functional of the dynamic responses of the micro-beam which is to be minimized at a speciﬁc
terminal time using continuous piezoelectric actuators. The continuous piezoelectric actuators are the open-loop control
functions that appeared in the boundary conditions in the form of moments. The optimal control law for the micro-beam
is derived by introducing the adjoint problem and the related Hamiltonian in the form of a maximum principle [35,36].
The maximum principle gives a relationship between the optimal control force and the adjoint variable, which is com-
bined with the state variable through terminal conditions. Thus, the control problem is formulated as a boundary-ini-
tial-terminal value problem. Explicit solutions are obtained by the use of eigenfunction expansions for the state and
adjoint variables for a simply supported beam with continuous piezoceramic actuators. This approach has been applied
to damp out the vibrations of a cantilever beam where the control action is implemented using piezoceramic actuators
[37].
The effectiveness of the proposed control system is illustrated numerically by plotting the courses of the deﬂection and
velocity against time. These results indicate that the vibrations of the beam can be reduced substantially at a given terminal
time by exercising open-loop piezo control. Furthermore, the reductions in displacement and velocity depend on the mag-
nitude of the control moment which depends on the expenditure of control energy.
2. Equation of motion for a piezoelectric beam
Consider a micro-beam of length L, width b and height of the beam hs covered by the layers of piezoelectric materials each
of having thickness hp. The dynamical equilibrium of the Euler–Bernoulli beam described in Fig. 1 is deﬁned in the following
equation [34]:qwtt þ Eco Icowxxxx ¼ 0; 0 < x < L;0 < t < tf ; ð1Þ
Fig. 1. Micro-beam with distributed actuator layers.
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wxxð0; tÞ ¼ GpEco Ico
f ðtÞ and wxxðL; tÞ ¼ GpEco Ico
f ðtÞ ð2Þand initial conditionswðx; 0Þ ¼ w0ðxÞ and wtðx;0Þ ¼ w1ðxÞ; ð3ÞwhereEco Ico ¼ D11 
B211
A11
; A11 ¼ ðEshs þ EphpÞb;
B11 ¼ Ep  Es2
 
hphsb; D11 ¼
Eshsðh2s þ 3h2pÞ þ Ephpðh2p þ 3h2s Þ
12
b;
Gp ¼ hs2 
B11
A11
 
be31; e31 ¼ d31Epwith q as the mass per unit length of the layered beam, Eco Ico is the bending stiffness of the beam including the piezoelectric
layers, w(x, t) is the transverse displacement of the beam, Ep and Es are the Young’s modulus of the piezoelectric layer and
micro-beam, respectively, d31 is the actuator piezoelectric constant, and f(t) is the applied voltage. The full derivation of
the governing equations and the boundary conditions are given in Collet et al. [34]. It is noted that in the piezo control prob-
lem formulation, the piezo effect appears in the boundaries x = 0 and x = L as moment functions which are used to control
and damp out vibrations.
For convenience, we introduce non-dimensional variablesWðX; TÞ ¼ wðx; tÞ
L
; X ¼ x
L
; T ¼ t
L2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eco Ico
q
s
; tf ¼ tf
L2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eco Ico
q
s
; ð4ÞwhereW(X,T), X, and T are the dimensionless transverse displacement, position and time, respectively. Substituting formulas
(4) into Eqs. (1)–(3), we will have the non-dimensional equation of motionWTT þWXXXX ¼ 0; 0 < X < 1; 0 < T < tf ; ð5Þ
subject to boundary conditionsWð0; TÞ ¼ 0 and WXXð0; TÞ ¼ FðTÞ; ð6aÞ
Wð1; TÞ ¼ 0 and WXXð1; TÞ ¼ FðTÞ ð6bÞand initial conditionsWðX;0Þ ¼ W0ðXÞ and WTðX;0Þ ¼ W1ðXÞ: ð7Þ
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In this section, the objective of the control problem is to ﬁnd the minimum applied force F(T), which minimizes the mea-
sure of displacement and velocity over a given period of time with minimum expenditure of the control. Among all admis-
sible control functions,
FðTÞ 2 Uad ¼ fF : F 2 L2ð0; tf Þg, the particular control function Fo(T) 2 Uad (the optimal control) is sought to minimize the
following cost functionals:J1ðFÞ ¼
Z 1
0
l1W
2ðX; tf Þ
h i
dX; J2ðFÞ ¼
Z 1
0
l2W
2
TðX; tf Þ
h i
dX;
J3ðFÞ ¼
Z tf
0
l3F
2ðTÞdT:The index of performance J(F) is obtained by combining the multiple objectives in a weighted sum given byJðFÞ ¼
X3
i¼1
liJiðFÞ; ð8Þwhere l1, l2, and l3 > 0 are weight constants which reﬂect the relative weighting attached to minimize Ji(F) with l1 + l2 > 0
and l3– 0. The last term in Eq. (8) is a penalty term on control energy.
The optimal boundary control of the micro-beam can now expressed asJðFoÞ ¼ min
F2Uad
JðFÞ ð9Þwith W(X,T) subject to Eqs. (5) and (6).
The proof of uniqueness of the optimal control (9) follows easily from the convexity of the performance. Assuming that an
optimal control exists, our main objective is to derive a maximum principle that can be used to determine the optimal
control.
4. Boundary control characterization
To apply the maximum principle theory [25] to solve the control problem (9), we need to introduce an adjoint problem
with the adjoint variable V(X,T) satisfying the differential equationVTT þ VXXXX ¼ 0; 0 < X < 1; 0 < T < tf ð10Þ
with boundary conditionsVð0; TÞ ¼ 0 and VXXð0; TÞ ¼ 0; ð11aÞ
Vð1; TÞ ¼ 0 and VXXð1; TÞ ¼ 0 ð11bÞand the terminal conditionsVTðX; tf Þ ¼ 2l1WðX; tf Þ;
VðX; tf Þ ¼ 2l2WTðX; tf Þ: ð12ÞFor F(T) 2 Uad, let W(X,T) =W(X,T;F) satisfy Eq. (5) with boundary conditions and initial conditions (6) and (7), respec-
tively. For Fo(T) 2 Uad, let Wo(X,T) =W(X,T;Fo) and let Vo(X,T) = V(X,T;Fo) be the corresponding adjoint variable satisfy Eq.
(10) with boundary conditions and terminal conditions (11) and (12), respectively. The maximum principle can now be sta-
ted as follows:
Theorem 1 (Maximum principle). If the optimal control Fo(T) 2 Uad satisﬁes the maximum problem
max
F2Uad
HðT;V ; FÞ ¼ HðT;V0; FoÞ; ð13Þwhere the Hamiltonian is given by the equationHðT;V ; FÞ ¼ RðTÞFðTÞ þ l3F2ðTÞ ð14Þ
in whichRðTÞ ¼ VXð0; TÞ  VXð1; TÞ
thenJðFoÞ 6 JðFÞ: ð15Þ
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IfDW ¼ WðX; TÞ WoðX; TÞ;
DF ¼ FðX; TÞ  FoðX; TÞ ð17ÞthenWðDWÞ  DF ¼ 0 ð18Þ
with the boundary conditions (6) becomingDWð0; TÞ ¼ 0 and DWðL; TÞ ¼ 0;
DWXXð0; TÞ ¼ DFðTÞ and DWXXðL; TÞ ¼ DFðTÞ
ð19Þand the initial conditions (7) becomingDWðX;0Þ ¼ 0; DWtðX; 0Þ ¼ 0: ð20Þ
Consider the formZ 1
0
Z tf
0
fDWWðVÞ  VWðDWÞgdT dX ¼
Z 1
0
Z tf
0
DWðVTT þ VXXXXÞ  VðDWTT þ DWXXXXÞdT dX
¼
Z 1
0
Z tf
0
ðDWVTT  VDWTTÞdT dXþ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
I
Z 1
0
Z tf
0
ðDWVXXXX  VDWXXXXÞdT dX|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
II
¼ 0:
ð21Þ
Integration by parts of I in (21) givesI ¼
Z 1
0
fDWðX; tf ÞVtðX; tf Þ  DWðX;0ÞVTðX;0Þ  VðX; tf ÞDWTðX; tf Þ þ VðX; 0ÞDWTðX;0ÞgdX
¼
Z 1
0
fDWðX; tf ÞVTðX; tf Þ  VðX; tf ÞDWTðX; tf ÞgdX: ð22ÞSimilarly, twice integration by parts of II and applying the boundary conditions (11) and (19) will lead toII ¼
Z tf
0
DWðX; TÞVXXXðX; TÞj10 
Z 1
0
DWXVXXXdX  VðX; TÞDWXXXðX; TÞj10 þ
Z 1
0
VXDWXXXdX
 
dT
¼
Z tf
0
VXð1; TÞDWXXð1; TÞ  VXð0; TÞDWXXð0; TÞf gdT: ð23ÞReplacing (22) and (23) into (21) observes the following:Z 1
0
fDWðX; tf ÞVTðX; tf Þ  VðX; tf ÞDWTðX; tf ÞgdX þ
Z tf
0
fVXðL; TÞDWXXð1; TÞ  VXð0; TÞDWXXð0; TÞgdT ¼ 0or Z 1
0
fDWðX; tf ÞVTðX; tf Þ  VðX; tf ÞDWTðX; tf ÞgdX ¼
Z tf
0
fVXð0; TÞDWXXð0; TÞ  VXð1; TÞDWXXð1; TÞgdT:From terminal conditions (12) in the adjoint variable and the boundary conditions (11) and (19), we obtainZ 1
0
f2l1DWðX; tf ÞWðX; tf Þ þ 2l2WTðX; tf ÞDWTðX; tf ÞgdX ¼
Z tf
0
fVXð0; TÞ  VXð1; TÞgDf ðTÞdT: ð24ÞNow, consider the performance indexDJðFÞ ¼ JðFÞ  JðFoÞ
¼
Z 1
0
l1 W
2ðX; tf Þ Wo
2 ðX; tf Þ
h i
þ l2 W2TðX; tf Þ Wo
2
T ðX; tf Þ
h in o
dX þ l3
Z tf
0
½F2ðTÞ  Fo2 ðTÞdT: ð25ÞExpanding the termsW2ðX; tf Þ andW2TðX; tf Þ by using Taylor series aboutWoðX; tf Þ andWoTðX; tf Þ, respectively, in (25), we
obtain
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2 ðX; tf Þ ¼ 2WoðX; TÞDWðX; tf Þ þ r1;
W2TðX; tf Þ Wo
2
T ðX; tf Þ ¼ 2WoTðX; TÞDWTðX; tf Þ þ r2;
ð26Þwherer1 ¼ 2ðDWÞ2 þ    > 0; r2 ¼ 2ðDWTÞ2 þ    > 0: ð27Þ
Substituting (26) into the right-hand side of Eq. (25), we haveDJðFÞ ¼
Z 1
0
2l1 W
oðX; tf ÞDWoðX; tf Þ þ r1
 	þ 2l2 WoTðX; tf ÞDWoTðX; tf Þ þ r2 	
 dX þ l3 Z tf
0
½F2ðTÞ  Fo2 ðTÞdT: ð28ÞSince l1P 0, l2P 0, l3 > 0 and 2l1r1 + 2l2 r2P 0, we obtainDJðFÞP
Z tf
0
fVXð0; TÞ  VXðL; TÞgDFðTÞdT þ l3
Z tf
0
fF2ðTÞ  Fo2 ðTÞgdT: ð30ÞLet us introduce R(T) in (30)RðTÞ ¼ VXð0; TÞ  VXðL; TÞ
so that (30) becomesDJðFÞP
Z tf
0
ðRðTÞFðTÞ þ l3F2ðTÞÞ  ðRðTÞF0ðTÞ þ l3Fo
2 ðTÞÞ
n o
dT: ð31ÞBy the hypothesis of the maximum principle Eq. (14), it immediately follows that:RðTÞFoðTÞ þ l3Fo
2 ðTÞP RðTÞFðTÞ þ l3F2ðTÞ: ð32ÞIn view of the inequalities (31) and (32)DJðFÞP 0 implies that JðFoÞ 6 JðFÞ:
Thus, Fo(t) is indeed the optimal control and this completes the proof of the theorem. h
The optimal control function in (13) is therefore given byFoðTÞ ¼ 1
2l3
½VXð0; TÞ  VXð1; TÞ: ð33ÞIn order to determine the control force Fo(t) of Eq. (33), one needs to evaluate the adjoint variable V(X,T) in (13) that re-
quires the solution of the optimal state function Wo(X,T) of Eqs. (5)–(7) through the mixed terminal conditions (12). Fig. 2
demonstrates a schematic presentation of the boundary control problem.
5. Solution method
The solution of problem (9) can now be outlined as follows:
Step 1: Conversion of non-homogenous boundary conditions to homogenous ones
Non-homogenous boundary conditions in (6) can be converted to homogenous boundary conditions by deﬁning a new
variableWðX; TÞ ¼ WðX; TÞ  aðXÞFðTÞ; ð34ÞFig. 2. Optimal boundary control via maximum principle theory in the space–time domain.
I. Sadek et al. / Applied Mathematical Modelling 33 (2009) 3343–3353 3349whereaðXÞ ¼ 1
2
ðX2  XÞ:Then, the partial differential equation in (5) becomesWTTðX; TÞ þWXXXXðX; TÞ ¼ aðXÞF 00ðTÞ; 0 < X < 1; 0 < T < tf ð35Þ
with the new boundary conditions deﬁned asWð0; TÞ ¼ 0 and Wð1; TÞ ¼ 0;
WXXð0; TÞ ¼ 0 and WXXð1; TÞ ¼ 0 ð36Þand initial conditionsWðX; 0Þ ¼ WoðXÞ  aðXÞFð0Þ;
WTðX;0Þ ¼ W1ðXÞ  aðXÞF 0ð0Þ:
ð37ÞStep 2: Approximating the solution of adjoint system.
Solve the distributed parameter adjoint system (10) and (11) by approximating in terms of Nth-terms of sine Fourier
seriesVoðX; TÞ ¼
XN
n¼1
QnðTÞ sin knX; ð38ÞwhereQnðTÞ ¼ d1n cos k2nT þ d2n sin k2nT: ð39Þ
Thus (38) becomesVoxðX; TÞ ¼
XN
n¼1
kn d1n cos k2nT þ d2n sin k2nT
 
cos knX ð40Þin which kn = np/L.
Step 3: Computing the optimal control force Fo(t).
Substituting Eq. (38) into Eq. (33), one obtainsFoðTÞ ¼ 1
2l3
XN
n¼1
kn½1 ð1Þn d1n cos k2nT þ d2n sin k2nT
 
: ð41ÞStep 4: Solve the distributed parameter state system (35) and (36)
Similarly, the solution of Eq. (32) can be obtained by using the Nth-terms of sine Fourier seriesWðX; TÞ ¼
XN
n¼1
ZnðTÞ sin knX ð42Þwith kn = np.
Substituting Eq. (42) in Eq. (35), one obtainsXN
n¼1
Z00nðTÞ þ k4nZnðTÞ

 
sin knX ¼ aðXÞF 00ðTÞ: ð43ÞBy applying the orthogonality of the Fourier sine series in Eq. (43), this leads toZ00nðTÞ þ k4nZnðTÞ ¼ 2gnF 00ðTÞ ð44Þ
with Zgn ¼
1
0
aðXÞ sin knXdX:The solution of Eq. (44) isZnðTÞ ¼ c1n cos k2nT þ c2n sin k2nT þ 
2
k2n
gn
 !Z T
0
sin k2nðT  sÞF 00ðsÞds; ð45Þwhere the constants c1n and c2n can be determined by the initial conditions (19), i.e.,c1n ¼ 2
Z 1
0
fWoðXÞ  aðXÞFð0Þg sin knXdX
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k4n
Z 1
0
fW1ðXÞ  aðXÞF 0ð0Þg sin knXdX:In view of Eq. (41), Eq. (45) becomesZnðTÞ ¼ c1n cos k2nT þ c2n sin k2nT þ
gn
k2nl3
 !Z T
0
sin k2nðt  sÞ
XM
m¼1
k5m½ð1Þm  1 d1m cos k2msþ d2m sin k2ms
 " #
ds; ð46Þwhere d1n and d2n are constants to be computed by the terminal conditions (12).
Step 5: Finding the undermined constants d1n and d2n.
Inserting the expansions (38) and (42) into the mixed terminal conditions (12) leads to a system of linear modal equationsd
dT
Qnðtf ;d1n; d2nÞ ¼ 2l1Znðtf ;d1n;d2nÞ;
Qnðtf ; d1n;d2nÞ ¼ 2l2
d
dT
Znðtf ; d1n;d2nÞ:
ð47ÞSubstituting the modal time solutions (39) and (45) into the lumped parameter system (44) leads to two linear equations
in d1n and d2n. Solving for d1n and d2n, the adjoint function Vo(X,T) is determined from Eq. (38), the optimal control Fo(t) is
given explicitly by Eq. (41) and ﬁnally the optimal response of the micro-beam is obtained explicitlyWoðX; TÞ ¼ WoðX; TÞ þ aðXÞFoðTÞ ð48Þ
and optimal performance index is expressed byJðFoÞ ¼
Z 1
0
l1W
o2 ðX; tf Þ þ l2Wo
2
T ðX; tf Þ
h i
dX þ
Z tf
0
l3F
o2 ðTÞdT: ð49Þ6. Numerical results
Numerical results are given to show the effectiveness of piezo actuation in controlling the system and damping out the
vibration of the micro-beam with a minimal level of voltage applied on the piezo actuators at the given terminal time
tf ¼ 15:0 subject to the initial impact conditionsWðX;0Þ ¼ 0 and WTðX;0Þ ¼ sinðknXÞ; ð50Þ
where kn = np. All the results are given for the terminal time tf ¼ 15:0, the micro-beam length L = 1.0 and the ﬁrst mode
of the micro-beam n = 1. It is noted that in the present example only the ﬁrst mode is excited via the velocity initial
condition in Eq. (50), however the solution is applicable to higher modes as well as a to the general case of a combination
of several modes. The deﬂection and velocity are given at the middle of the cantilever X = 0.5. Fig. 3 shows the curves of
displacement plotted against time for the uncontrolled and controlled beams and (2) shows the curves of deﬂection
and velocity of the uncontrolled and controlled micro-beam plotted against the time 0 6 T 6 15.0 with the weightingFig. 3. Controlled and uncontrolled displacements versus time.
I. Sadek et al. / Applied Mathematical Modelling 33 (2009) 3343–3353 3351coefﬁcients l1 = 1.0, l2 = 1.0 and l3 = 0.1. It is observed that the applied boundary voltages cause the peak vibrations to be
damped out as the T increases. It is also to be observed that the cost for the controlled case is J(F– 0) = 0.00010 while that of
the uncontrolled case is J(F = 0) = 0.42874, which is a substantial reduction in the cost measure when boundary actuators are
applied on both ends of the micro-beam. Corresponding results for velocity are given in Fig. 4 and again the decrease in the
controlled velocities at tf ¼ 15:0 is substantial as compared to the uncontrolled one. In Fig. 5, optimal control function f(T) is
presented for different ls: Solid line for l1 = 1.0, l2 = 1.0 and l3 = 1.0; Dash-dot line for l1 = 0.1, l2 = 0.1 and l3 = 10.0; Bro-
ken line for l1 = 0.1 l2 = 0.1 and l3 = 100.0.
The measure of the total voltage spent in the control process is deﬁned byJCðFoÞ ¼
Z tf
0
l3F
o2 ðsÞds ð51Þand the optimal modiﬁed control energy of the micro-beam is given byJEðFoÞ ¼
Z 1
0
l1W
o2 ðX; tf Þ þ l2Wo
2
T ðX; tf Þ
h i
dX: ð52ÞTable 1 shows the effect of various values of the weighting coefﬁcients lii = 1, 2, and 3 on the control process and the cost
of the control JC(Fo). It is observed that JE(Fo) can be reduced considerably by adjusting the values of li, and thereby shifting
the weight towards the quantity to be minimized. It is also to be noted that as the values of l3 decreases the modiﬁed energy
control JE(Fo) is signiﬁcantly reduced with higher control moment.Fig. 4. Controlled and uncontrolled velocities versus time.
Fig. 5. Control voltage, f(t) versus t for different ls.
Table 1
Effect of weighting coefﬁcients li, i = 1, 2, and 3, on the controlled micro-beam.
l1 l2 l3 JE(Fo) JC(Fo)
1.0 1.0 1.0 0.0109 0.0091
1.0 1.0 0.1 0.0058 0.0106
0.1 0.1 0.1 0.0011 0.0091
1.0 1.0 10 0.0800 0.0063
0.1 1.0 1.0 0.0097 0.0094
1.0 0.1 1.0 0.0086 0.0062
0.1 0.1 10 0.0289 0.0008
0.1 1.0 10 0.0790 0.0064
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The vibrations of a micro-beam were damped out using optimally controlled piezo actuation with a minimum expendi-
ture of voltage applied on the piezo actuators. The problem formulation leads to a boundary control problemwhere the piezo
actuation term appears in the moment boundary condition as a moment function. The functional for the performance index
involved the dynamic response of the micro-beam in terms of the square of the L2 norms of the displacement and the veloc-
ity functions with the expenditure of the control energy attached to the performance index as a penalty term. The control
law was derived in terms of an adjoint variable using maximum principle developed by [35,36]. Analytic solutions of the
problem were obtained for a simply supported micro-beam subject to initial and terminal conditions. Numerical results
were obtained by Maple and presented in graphical and table forms. The results compare the controlled and uncontrolled
dynamic responses and provide a quantitative indication of the damping effect of optimal boundary control on micro-beams
exercised by means of piezo actuation.
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